This paper presents three different methods for modelling a track with discontinuous slab under oscillating moving loads. These are the Fourier-Repeating-unit method, the Periodic-Fourier method and the Modified-phase method. The first two methods, borrowed from the literature of periodic infinite structures, are accurate if careful consideration is taken when performing numerical integrations. The third method, not presented elsewhere before, is faster and simpler; it is only valid for velocities of moving loads lower than the critical velocity of the track, but this "velocity effect" is of no consequence for underground railways.
beam supported periodically by lateral and torsional stiffness under non-oscillating moving loads. The main characteristic of this method is that a single differential equation is used to describe the behaviour for all points of the beam with respect to time and space. Kisilowski et al. [5] present a mathematical solution based on the same method but including a moving wheel on a periodically supported rail. Ilias and Muller [6] use the same method to analyse a discretely supported rail under a harmonic moving load and under a moving wheel-set.
Krzyzynski [7] uses Floquet's method to model a harmonic moving load on an Euler-Bernoulli beam mounted on discrete infinite supports. This method takes advantage of periodicity in the longitudinal direction where Floquet's solution of the differential equation is used. Muller et al. [8] provide a comparison between the generalised Fourier method and Floquet's method by modelling a rail with Timoshenko beam formulation and Euler-Bernoulli formulation. Hildebrand [9] uses a wave approach to study vibration attenuation in railway tracks. The method depends on considering a junction of the rail on the sleeper and calculates the displacements in terms of propagating and evanescent waves. The solution is calculated by considering three sets of equations expressing: the compatibility conditions, reflection of waves from the junction on the other rail and periodicity in the longitudinal direction using Floquet's method.
Nordborg [10] models an Euler-Bernoulli beam mounted on different types of discrete supports to calculate a closed-form solution of a track under non-moving oscillating loads. Equations of motion are transformed to the wavenumberfrequency domain and these are solved using Floquet's theorem. In a second paper [11] , displacement of the rail under a moving oscillating load on the rail is calculated using Green's function in the frequency-space domain from [10] .
Smith and Wormley [12] use the Fourier transform techniques to model a moving constant load on an infinite Euler-Bernoulli beam supported periodically on rigid supports. In Fourier transform techniques, calculations are made only for one repeating unit. Response of any other unit is calculated using the periodicity condition. Equations of motion of the unit under consideration are transformed to the frequency domain. The resulting differential equations are solved as a summation of homogenous and particular solutions. The homogenous solution coefficients are found by considering the boundary condition at the end of the unit under consideration. These results are then transformed back to the time domain. Belotserkovskiy [13] uses Fourier transform techniques to analyse a rail modelled as an Euler-Bernoulli beam on a Winkler foundation with resilient hinges to represent rail joints under a harmonic-moving load. He also uses this method to analyse a Timoshenko beam on discrete supports to account for sleepers.
Forrest [14] models floating-slab track with discontinuous slab under an oscillating load applied at one end of a repeating unit. The stiffness method is used to write a relationship between deformations and forces on the left of any contiguous repeating-units. The stiffness matrix of the semi-infinite track on the right or left of the load is calculated using Floquet's method making use of the fact that responses decay to zero at infinity. In this paper three methods are implemented to model floating-slab tracks with discontinuous slabs under oscillating moving loads. The first is the Fourier-Repeating-unit method where an extension is made to Forrest's work to account for oscillating loads applied at any point along the rail and then results are used to account for moving loads. The second is the Periodic-Fourier method and it implements the periodic infinite-structure theory to account for periodicity along the track. The last is the Modified-phase method which takes advantage of the nonchanging phase at low velocities of moving loads. The methods described in this paper will be used to study the dynamic effect of moving trains on tracks with discontinuous slabs, as presented in [15] .
The model and the methods are discussed in section 2 of this paper and the final section is dedicated to results and discussions of the methods.
MODELLING A TRACK WITH DISCONTINUOUS SLAB
The model is shown in Figure 1 and consists of an upper Euler-Bernouli beam to account for both rails (with mass m 1 per unit length and bending stiffness EI 1 ) and a lower Euler-Bernouli beam to account for floating slab (with mass m 2 per unit length and bending stiffness EI 2 ). The slab is discontinuous with repeating unit length L. The model accounts for identical inputs on the two rails and hence a single beam is used to model both of the rails. Railpads are represented by a continuous layer of springs with stiffness k 1 per unit length and a viscous damping factor c 1 per unit length. Slab bearings are represented by a continuous layer of springs with stiffness k 2 per unit length and a viscous damping factor c 2 per unit length. The rail is loaded by a moving harmonic load of magnitude F 0 , angular frequency ϖ, and velocity v. Displacements of upper and lower beams are y 1 (x,t) and y 2 (x,t) respectively. In the following sections three different methods are discussed, the Fourier-Repeating-unit method, the Periodic-Fourier method and the Modifiedphase method.
The Fourier-Repeating-unit method
This method is divided into two parts. The first is to calculate the track displacements for non-moving oscillating loads. The second is to integrate these displacements to calculate the track displacements for moving harmonic loads. Forrest [14] calculates the track displacements under a non-moving harmonic load applied on the rails, above the slab discontinuity (at x=0 in Figure 1 ). This is extended in this work such that the load can be applied at any point in the rails.
To calculate the track displacements for an oscillating non-moving load, the track is divided into three blocks as shown in Figure 2 ; a central block with length L, where the load is applied at distance x 0 from its left ed, and two semi-infinite blocks on the right and the left of the central block. With length L, where the load is applied at distance x 0 from its left end, and two semi-infinite blocks on the right and the left of the central block. These are called in this discussion the right and the left blocks respectively. For each block the stiffness matrix is written and matrices are assembled according to the compatibility conditions to calculate the track displacement at any point. A floating-slab track with discontinuous slab subjected to an oscillating moving load.
Figure 2.
A floating-slab track divided into three blocks; central block and two semi-infinite blocks. The concentrated harmonic load is applied at the central block. The factor e iϖt is dropped from all forces.
For the right block in Figure 2 , the force-displacement equation can be written as:
where P R is a 2x1 vector, which comprises the shear force and bending moment at the upper beam on the left of the right block. Y R is a 2x1 vector, which gives the vertical displacement and rotation at the upper beam on the left of the right block. K R is the 2x2 stiffness matrix of the right block. Note that the factor e iϖt is dropped from all forces and displacements. Similarly, for the left block, the following equation can be written
For the central unit 
From equations 1, 2 and 4, equation 3 can be written as (5) or (6) where Z(m,n) is a m x n matrix with zero elements. Knowing the input value F 0 = 1, equation 6 is solved to determine the values of Y L , Y R and Y 0 . The first two vectors are used to determine P L and P R from equation 2 and 1 respectively. Forrest [14] uses the stiffness method to calculate the stiffness matrix for a block such as the central block but for loads and displacements which are only defined at the ends. Two contiguous blocks of these should be used to calculate the stiffness matrix of the central block in the current formulation, i.e. K c . The lengths of these two blocks are x 0 and L -x 0 . To calculate the stiffness matrix of the semi-infinite blocks, Forrest uses the repeating-unit method. For details about the calculations see [14] .
The previous procedure can be used to calculate a Green's function Ĝ ω (x o ,x) which is defined as the response of the rail at x 0 from a discontinuity for a nonmoving oscillating unit load with an angular frequency ω applied at x from the same discontinuity. Employing the method presented by Nordborg [11] , this function is used to calculate the track displacements under an oscillating moving load that moves, crossing the observation point at x 0 .
The response at x o in the frequency domain can be calculated for a general input force in the frequency domain from the following equation (7) where F (x, ω) is the input force in the space-frequency domain.
For a moving oscillating load with velocity v and angular frequency ϖ, the force can be written in the space-frequency domain as (8) Substituting 8 into 7 gives (8) This integration can be performed numerically using the trapezium rule [16] to give (9) where a j = 0.5 for j = 1,M and a j = 1 for j = 2,3,...,M -1. An important criterion when calculating ŷ in equation 9 is that the value of ω should be large enough to cover the range of frequency where Ĝ ω (x o , x j ) is significant. The maximum and minimum values of ω control the value of ∆x and vice versa. To avoid aliasing when calculating the sum in equation 9, the sampling frequency should be at least twice the signal bandwidth to comply with the Nyquist criterion [17] . This can be written mathematically as (10) Having computed ŷ(x o , ω), values of y(x o ,t) are calculated by transforming equation 9 numerically to the time domain. The Nyquist criterion in this case can be written as (11) For the purpose of summarising the Fourier-Repeating-unit method, the following steps are used to calculate the response y(x o ,t) : 1. calculate Ĝ ω (x o ,x) for the mesh shown in Figure 3 , the mesh size should be large enough to include significant values of Ĝ ω (x o ,x) inside the mesh; 2. for each row of points, apply equation 9 to calculate the value of ŷ (x o ,ω); 3. having done step 2 for all the mesh rows, transform the resulted ŷ (x o ,ω) vector numerically to the time domain.
The periodic-Fourier method
In this method, the periodic infinite structure theory is used to analyse a track under oscillating moving loads. The analysis follows the work presented by Belotserkovskiy [13] in analysing an infinite beam mounted on periodic supports.
To calculate the displacement for a periodic infinite structure, three sets of equations are required. The first comprises the differential equations which describe the motion for one of the repeating units of the structure. The second set describes the periodicity condition and is used to calculate the displacements at other units and to set a relationship between boundary conditions in the third set. The third set contains the boundary conditions at the ends of the repeating unit.
Referring to Figure 1 , the repeating unit under consideration is the one bounded by x = 0 and x = L. The load is defined as δ(x -vt).e iϖt . This means that it enters the unit at time t = 0 with a maximum magnitude because the real part of the load is +1 when t = 0. To explain the periodicity condition, a reference is made to two points in the space- (12) which is known by the periodicity condition. Now, it is possible to write the three sets of equations as defined before.
1. The first set comprises the generalised differential equations. There are two fourth-order equations describing the motion of the upper and lower beams 2. The second set consists of two equations (one for each beam) that result from equation 12 (15) and (16) 
where is the non-dimensional excitation frequency.
3. The third set consists of eight equations and it relates the boundary conditions at the left and the right of the unit under consideration. For the upper beam, the displacement, slope, moment and shear are continuous. Using the periodicity condition, this can be written as (17) For the lower beam, the end moments and shear forces are zero. This can be written as (18) It is convenient at this stage to use non-dimensional variables which are described by the following relationships (19) (20) and
(21)
Using the non-dimensional variables, the previous equations can be recast as: and (27) The first set consists of two differential equations of the fourth order that require eight boundary conditions to be solved. The third set provides these eight boundary conditions. The solution is not calculable in the current domain due to the existence of a delta function in equation 22. However, transforming all equations to the spacefrequency domain can solve this problem. The transformation for this case reads (28)
Transforming set 1 and 3 results in:
1.
and (30) 3.
and (32) where A 1 , A 2 , A 3 , B 1 , B 2 , and m 9 are independent of X and can be calculated from
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Solving for Y 2 from equations 29 and 30 (33)
The general solution (homogenous and particular) of this differential equation can be written as
where m 1 , m 2 , m 3 ,...,m 8 are the exponents of the homogenous solutions, and they form the roots of the following polynomial (35) r 1 , r 2 , r 3 ,....,r 8 are the coefficients of the homogenous solution and can be computed from the boundary conditions as will be sown below, r 9 is the coefficient of the particular solution and is calculated from For a given value of X, the coefficients r 1 , r 2 , r 3 ,...,r 8 are calculated for a range of φ values to compute the displacements Equations 37 and 34 form the necessary equations to calculate the rail and slab displacements in the space-frequency domain for the chosen unit. The procedure below shows the calculations of the rail displacement under an oscillating moving load, i.e. at T=X, for the range 0 Յ X Յ 1 with interval ∆X : 3. for a given X calculate where a j = 0.5 for j = 1, N and a j = 1 for j = 2,3,..., N -1 ;
5. repeat step 3 and 4 until covering all values of X .
The modified-phase method
This method results as a direct application of the periodic infinite structure theory. The method is based on using the track displacements under an oscillating nonmoving load to calculate the displacements for moving loads with the same excitation frequency. The method is approximate and only valid for relatively low velocities of moving loads compared to the track critical velocity. To demonstrate the method, a reference is made to Figure 4 .a. It shows an oscillating non-moving load that stands at x = x o . The response underneath this load is y 1 =c 1 e iϖt . Figure  4 .b shows an oscillating moving load which passes x=0 with phase equal to zero. This load moves (slowly), until it gets to x = x o . At this point the force will be F = e iϖ(t+x 0 /v) . By comparing with the non-moving load displacement, the displacement underneath the moving road will be y 3 = c 1 e iϖt e iϖx 0 /v . Therefore to calculate displacement resulting from the moving load, the non-moving load model can be used, but results should be modified by the factor e iϖxo/v . Results of this method will be compared with the previous two methods in next section. 
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These parameters are identical to the ones used by Forrest [14] except for the dampers. Smaller damping factors are used with 5% damping ratios. The damping factors can be calculated from the damping ratios from the following relationships (41) Figure 5 shows the rail displacement at X=0.5 in the non-dimensional spacefrequency domain. The Periodic-Fourier method is used to produce this result, which confirms the fact that most of the displacement activities lie near the excitation frequency.
Three Matlab codes are developed to study the methods presented in Section 2. These codes are run on a PC computer with 1GB RAM and 2.4GHz processor. Figure 6 shows the time-history rail displacement for a track with slab length L = 6m at X = 0.25, i.e. x = 1.5m, for an oscillating moving load (1.e iϖt ) with v = 10km/hr and ϖ = 2πx(2v / L) = 5.8rad / sec. The excitation frequency is chosen such that the load completes two cycles when it passes over one slab length. The three methods give identical results, although the third method is approximate. The running time to produce the results in Figure 6 using the Fourier-Repeating-unit method is 19 minutes where the Periodic-Fourier and the Modified-phase methods take only 2 and 1.2 seconds respectively. (x o ,x) . Under any improvement to the code of the Fourier-Repeatingunit method, it is not expected to be as efficient as the Periodic-Fourier method. This is because the first method involves computing results for non-moving loads in a two-dimensional mesh (see Figure 3 ), whereas in the second method, the calculations need only to be performed along one column of points to produce the same results. This obviously gives the second method a computational advantage.
In Figure 6 , the real curve shows the response of the rail for a harmonic load which passes x=0 with a maximum magnitude (Re(1.e iϖt ) t=0 =1). The imaginary curve shows the response of the same point in the rail but for a harmonic load that passes x=0 with zero magnitude ( Im(1.e iϖt ) t=0 =0). Figure 7 shows the rail response under a non-oscillating moving load with velocities 1 km/hr, 100 km/hr and 300 km/hr. No significant differences are observed in the track response for velocities up to 100km/hr. For underground trains, the velocity is restricted (usually maximum of 60 km/hr) to allow for train stopping at stations, and hence the static solution is sufficient to model quasi-static moving loads. Figure 7 shows that the stiffness under a moving load is not uniform. A parametric excitation occurs for a moving train due to this variable stiffness. This effect will be investigated in [15] . Figure 8 (a and b) shows the rail and slab displacements under a non-moving oscillating load applied at X=0.25 for three slab lengths L=3m, L=6m, and L=12m. By comparing the displacements at zero frequency, the stiffness of the track is higher for a longer slab length. This is expected as bending stiffness of the longer slab contributes more to the stiffness of the track. Two pronounced peaks occur at 19Hz and 102.2Hz. These are the cut-on frequencies of the same track but with continuous slab, see [18] for more details. Because of slab discontinuity, more peaks appear in the frequency range 0-200Hz, the frequency range for ground-borne vibration. These peaks are attributed to standing waves which are built by reflections of propagating waves at free ends of the slab. Frequencies at which peaks occur can be calculated from the free-free beam natural frequencies, see [19] for example, which reads Due to slab resonance, displacement of slab can be increased by about 20dB at some frequencies; compare L=3m and L=6m at 175Hz for example. This means that the force on the tunnel wall for L=6m is about 20dB more than the force for L=3m at 175Hz as force is directly proportional to the slab displacement for constant stiffness of slab bearings, assuming a negligible displacement of the tunnel. Figure 9 shows the rail displacement under the load at X=0.25 for two velocities; 10km/h and 100km/hr in the range of frequency of interest. It can be seen that the velocity has no significant influence on the absolute results up to 100 km/hr. This result confirms the validity of the Modified-phase method which assumes a change in the phase, not the magnitude of the displacement due to a change in the load velocity. Figure 10 provides an additional check to the Modified-phase method. It shows the rail displacement under an oscillating moving load with velocity 40km/hr and different excitation frequencies. From Figures 9 and 10 , one can see that there is little difference between the results of the exact method, i.e. the Periodic-Fourier method and the approximate method, i.e. the Modified-phase method only near the cut-on frequency. This finding is also true for tracks with shorter slabs. If the slab length is too short that no resonances would appear in the frequency range of interest, then it is more convenient to model the slab as a continuous mass layer. This can be done by assuming a continuous double-beam model [18] and setting the bending stiffness of the slab to zero.
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CONCLUSIONS
This paper has presented three different methods to analyse tracks with discontinuous slabs under oscillating moving loads. These are the Fourier-Repeating-unit method, the Periodic-Fourier method and the Modified-phase method. These methods can also be used to analyse other periodic infinite structures. It is shown that the first two methods are exact if careful consideration is taken when performing numerical integrations. The third method is approximate owing to the velocity effect but gives accurate results for tracks with typical parameters under moving loads with velocities at or below 100km/hr which is typical of the velocities of underground trains. If results are required for higher velocities, analysis should be made by either of the first two methods.
Figure9.
Rail displacement under a moving load at X=0.25,L=6m,for v=lOkm/hr and 80km/hr.
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The following conclusions have been drawn from analysing a typical floating-slab track under oscillating moving loads:
• slab discontinuity provides a parametric excitation for moving loads over floating-slab tracks; • the effect of velocity in modelling a floating-slab track with discontinuous slab is negligible for typical velocities of underground trains. Therefore, displacements of a track under an oscillating moving load can be calculated from the corresponding results of a track under non-moving oscillating load by accounting for the phase information of the input force; • increasing the slab length increases the track static-stiffness under the load and provides more resonances and anti-resonance in the frequency range of interest of ground-borne vibration. The slab-length should be carefully chosen to avoid more vibration propagation to nearby buildings at undesired frequencies. A more comprehensive model that accounts for a tunnel and its surrounding soil is needed before a general conclusion is drawn regarding this issue.
ACKNOWLEDGEMENT
The work reported in this paper was originally part of the first author's PhD thesis funded by the Cambridge Commonwealth Trust and London Underground Limited. It is reorganised for publication under a grant from the Isaac Newton Trust and Cambridge Engineering Design Centre (EDC). The authors are greatly indebted to the mentioned organisations for their generous financial support.
